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Derivation of equations of motion
This is the really fun bit to start with! You do need to
know this derivation since it is in the LOs

FACT: Acceleration is the rate of change of velocity.
dv
dt

Consider an object accelerating from rest.

At t=0v=uand s =0 where s, u, v, aand t have the

usual meanings.

=a eqnl

To find an expression for velocity we must integrate
eqn.l.

pY dt = fa.dt

v=at+C
from initial conditions when t =0v=uso C=u
now have v=u+at[A]
FACT: Velocity is the rate of change of displacement.
v=§=u+a‘r eqn.2
dt

To find an expression for displacement we must integrate
eqn.2.

f%.d‘rz fu.d’r + fa‘r.d’r

s=ut+3af®+C
from initial conditions whent=0s=0s0C=0
how have s = ut + $at® [B]
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To obtain the ‘third' equation of motion

Square eqn. [A]
v® = (u + at)?
v2 = % + 2uat + a®t° = u® + 2afut + $at’]
V2= u®+2as [C]

We will revisit this before the prelim and the final exam.

Relativistic Mass:

Einstein postulated [2" postulate] that the maximum
allowable speed was the speed of light in a vacuum.
No object can fravel at this speed.

Einstein's theory of relativity explains that as the
velocity of an object increases its relativistic mass also
increases. The relationship showing this is below

My

2

(1-%)

C

m=

m = relativistic mass

mo = rest mass (mass of object when stationary)
v = velocity of object

c = speed of light

As v gets closer and closer to ¢ the denominator of the
equation gets closer to O and m gets closer to < [infinity]
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An infinite amount of energy would be needed to increase
the speed of the object above c.

The relativistic energy of an object is given as
E=mc’

where m is the relativistic mass.

Angular Motion

For this part of the course you need to learn a new
language, angular motion.

The equations of motion for angular are the same as
those for linear motion from Higher, we just say them
differently. Comprendez vous?

Vocabulary
linear angular

displacement s |angular displacement |9
initial velocity u | initial ang. velocity W
final velocity v | final ang. velocity w
acceleration a |angular acceleration |

v=u+at W = wg +at

s = ut + 3at’ 0 = oot + $at’

vé = u® + 2as = wo> + 200
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As you can see the equations are identical in how the
terms relate to each other, though 6wowat doesn't roll
off the tongue quite so readily as suvat!!

Rotational Motion

Consider a point on the circumference
of a circle. It will make one complete
rotation in time T. (A capital is used
to denote this time as it is a specific
time value known as the period.)

The speed of the pointisv = ﬂ = c:rcumf.erence = ellr
1 period T

The angular velocity of the point is w = % =2?H

Equating both relationships gives v =or

We have a situation where an object on the
circumference of the circle, moving with constant speed
as above is also accelerating. This is due to its continual
change in direction and hence subsequent change in
velocity.

If there is an acceleration there must also be an
unbalanced force acting on the object. In the case of
circular motion this force must act towards the centre of
the circle.
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The magnitude of the linear and angular accelerations are
related by the following equation

a=ar
The magnitude of the central force acting on the object

will depend on the mass of the object, the radius of the
orbit and the speed of the object.

Dick Orr Pageb



Radial Acceleration.

Consider an object moving in a
circular path radius, r.

Two tangential vectors
representing velocity are shown at
A and B.

Drawn as a vector diagram the
resultant of the velocities is shown
in the diagram below.

yA -V When the time interval between A

A0 _¥Y  and B is very small A6 will be very
Av G small and angle ZXY will be almost
i 90°. This means that XZ is
X towards the centre of the circle.
[Radius is perpendicular to the

tangent]

Av
a= —
At
if AB is small, then Av = vA0 if 0 is measured in radians

VAO
So az ——
At
as At approaches zero a = Vj—f = Vo
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Making use of the fact that v = wr, we can substitute to
obtain

If the above expressions represent the radial
acceleration then the central force producing it can be
determined by using the ‘'rude equation’, Fy = ma.

2

mv
F = mor =——
r

This radial force is called the centripetal force; it is
always present whenever any object is moving in a
circular orbit.

The force itself is normally produced by gravitational
[satellite motion], electrostatic [electron orbit],
magnetic [mass spectrometer], tension [hammer
thrower], friction [car travelling around a corner with no
slipping] and normal reaction forces [standing on the
surface of the Earth without flying of f!l].
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Rotational Dynamics

Again other than language this fopic area is essentially
the same as in Higher.

Force vs Torque: In a rotational situation the magnitude
of the force applied is not the only factor that needs to
be taken into account.

Simple experiment: Apparatus,
two people and a door. T
Procedure: one person pushes
close to the door hinge, one .__
person pushes close to the edge hdl ®
of the door with the same
maghitude of force.

Observe, discuss and explain. A4

The distance the force is applied from the pivot
determines its effect. The larger the distance is the
greater the effect. This is called the moment of a
force.

As always we can show this as a numerical value called the

torque.
T=Fr
Torque is measured in Nm.
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Angular Acceleration

It should come as no surprise that an unbalanced torque
will produce an angular acceleration in the same way that
an unbalanced force will produce a linear acceleration.
But, yes there's always a but, there is also a rotational
equivalent for mass.

A single object may react differently fo an applied
torque depending on how it rotates.

<

.
—
0

E =

Consider the three identical blocks A, B and C above.
Which of the three would be hardest to rotate?

The answer depends on how the mass is distributed
around the axis of rotation. The greater the distance the
mass is from the axis the greater the torque will be
required fo produce a particular angular acceleration.
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This distribution of mass is called the moment of inertia.
For a single object, of mass m a distance of r from the
axis of rotation, its moment of inertia is given as

I=mr
The units of moment of inertia are kgm®.

Vocabulary
linear angular
mass m | moment of inertia I
force F | torque T

The related equations and principles follow from this.

F.=ma T=1TIo
Ex = %mvz Ekrot = %I(DZ
cons. of momentum cons. of angular momentum
mivi = MmaVvz T =TIw,

Conservation of angular momentum; You can see this in
action when ice skaters spin then pull their arms in and
spin faster. Their moment of inertia has been reduced
and so their angular velocity increases.

-
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Gravitation

Inverse square law of gravitation

F - Gmm,

r,2

G is the universal gravitational constant and has a value
of 6.67 x 10-11 Nm?/kg?.
o

This force acts between any two .
objects which have mass. In fact "

you are always attracted to the
person sitting next to youll [Scary
thought] It is however a strictly
gravitational attraction.

Gravitational field strength was introduced in Standard
Grade and is defined as.

The force acting per unit mass on
an object in the field.

A gravitational field is a model by which the effects of
gravitation can be explained. The force acting on a mass
in the field is always attractive. We can represent the
strength and shape of the field by drawing field lines.
[Not unlike the patterns produced by filings around a
magnet]
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Gravitational field line patterns for single and dual planet
systems.

\'2

There is a point between any two planet system where
the net gravitational field will be zero. In reality there
should be nowhere in the universe since any point will
have some gravitational effect from every object in the
universe.

Gravitational Potential

Up till now we have calculated a change in potential
energy of an object by considering a change of height
and the mass of the object in question. At Advanced
Higher we will consider potential energies of satellites
which are in orbit hundreds of km above the surface of
the Earth. This leads to a problem since the Earth's
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gravitational field changes with distance from the centre
of the earth.

It is possible to calculate the gravitational potential at a
point in space some distance from the Earth.

M
r

V=

where M = mass of Earth
r = distance from centre of Earth

We can use this equation based on two factors:

1. The gravitational potential at a point is defined as the
work done in bringing an object from infinity to that
point.

2. The gravitational potential at infinity is zero.

The gravitational potential is always negative. This is due
to the fact that gravitation is an attractive force and

the field does work on the object bringing it closer to
Earth.

To find the gravitational potential energy of the object
we simply multiply the potential by the mass of the
object, m.

_ _6Mm
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Conservative Field

This is where David Cameron has a picnic. Not really!!

A conservative field is one where the work done against
the field in moving an object between two points is
independent of the path taken.

A gravitational field is a conservative field.

Escape velocity

The velocity required for an object to move to infinity.
This is relatively easy to calculate.

Step 1: Calculate the energy of the object on the surface
of the planet, radius R and mass M.

_GMm

Ep= R

Step 2: When the object reaches infinity it will have an
Ep of 0J.

We must supply kinetic energy sufficient to make the

total energy equal to OJ. At infinity the Ey of the object
will be zero.

EK"'Ep:O
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Fmv° + (__G/g\m) =0

_ [26M
v |[————
R
Black Holes

A black hole is an object where the mass/radius ratio is
such that the escape velocity is greater than 3 x 10° m/s.
This means that nothing can escape the surface of the
object since the maximum allowable velocity is 3 x 10°
m/s.

If light cannot escape it must mean that photons are
affected by gravity. This was proposed by Einstein in his
General Theory of relativity in 1915. It was confirmed by
observation in 1919.
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Simple Harmonic Motion (SHM)

Examples: Pendulum swinging, mass on a spring oscillating.
Oscillatory motion is a type of motion that repeats itself
in a cyclic fashion.

TT

(resourcefulphysics.org) (resourcefulphysics.org)

Oscillations can be complex; we will investigate the
simplest form of oscillation, SHM.

Motion is defined as SHM when the restoring force
acting on an object is directly proportional to its
displacement from equilibrium.

Yes, there is an equation for this

F =-ky
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The significance of the negative sign is that the force is
always acting to bring the object back towards the
equilibrium point. In real situations any system will lose
energy and the object will eventually end up at the
equilibrium poinf.

Application of the ‘rude equation’

Consider an object of mass, m, undergoing SHM.
The acceleration of the object can be calculated using
the equation Fy =ma.

R . -ky
m m
We can write this equation in the form

a-=

d
sz

where 412 is the acceleration of the object and -0’ is a

constant. This equations shows that the acceleration and
hence the force is directly proportional to the
displacement. Again the negative sign indicates that the
acceleration and displacement are opposite in direction.

This is all very well and good but how does it help us to
analyse SHM?
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The answer is in the solution to the equation.
You may come across differential equations if you do AH
maths.
dy
dt?
The equation above is a differential equation. In maths
you will learn how to solve equations like this.
We're not as cruel as that, we give you the answer and
ask you to show that it works!

= -(Dzy

So show that

y = Asinot  ory=Acosot
are solutions to the equation.
We need to differentiate twice.

dy dy

Once —— = Awcosot — = -Awsinot
dt dt

Twice Y = _Awlsinot = <0?y Y = _Aw?cosot = -oly
dt? dt?

Whether you use sin or cos depends on the conditions of
your system at time t=0. If the oscillation is at maximum
amplitude at =0 then you would use cos. Since cosO =1
theny = A at t = O the displacement is the amplitude.

If the oscillation is at equilibrium point at t=0 then you
would use sin. Since sin0 = 0 theny =0 at t = 0 the
displacement is zero which is equilibrium poinf.
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You need to be able to derive an equation for the velocity
of an object exhibiting SHM.
As always this involves a bit of mathematical Jiggery
Pokery.
We already know that

y = Asinot  and

di = Awcosot so VvV =Awcoswt

dt

Square both: v* = A%n°cos’wt and y* = A®sin“wt
2 2
Y = cos?wt and 2—2 = sin‘ot

A“w
But cos’ot + sin‘ot = 1
2 2
\ Y _
So O + 22 =1

v2+y2w2=A2w2
V2= A2 2—y2w2

2 - U)Z(AZ _ y2)

v =0, (A®-Y%)
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Energy and SHM —

Consider an object of mass m exhibiting
SHM. At some point the object will have

a kinetic energy Ey. A
121 2042 2 &AV O
EK =smMv = Mo (A y ) y

At the equilibrium point[y=0] the object

will be traveling at maximum velocity and its Ey will be
1 22

Mo A°.

This must be the total energy of the system, since the Ep
at this point will be zero.

If we assume that there is no friction in the system then
the total energy will be conserved.

Esys‘rem = Ex+Ep
$Mo°A® = $mo’(A-y®) + Ep
Er = $Mw°A® - mo’(A®-y®)

Ep = %mwzyz

Dick Orr Page?21



Damping

In reality any SHM system will lose energy over time.
This is known as damping. Damping will result in a
decrease of the amplitude of the motion over a period of
time. The greater the damping, the greater the reduction
in amplitude.

Light damping

Time

(@—Q

Displacement

Wave - particle duality

Is light a wave or a particle? The answer is yes, it is a
wave or a particle.

Wave: interference pattern produced by light; this can
only be explained in terms of waves.

Particle: photoelectric effect; this can only be explained
in terms of particles.

So which is light? The answer is both it depends on how
we observe the light.
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What about electrons? Do they behave as waves or
particles? The answer is both again.

J.J.Thomson was awarded the Nobel prize in 1907 for
demonstrating the particle nature of electrons.

Then in 1937 G.P.Thomson shared the Nobel prize for the
discovery that electrons behave as waves.

They were father and son, some discussions round the
dinner table eh?

Examples:
Wave: electron microscope, electrons can be diffracted

in the lens of the microscope.

Particle: Compton scattering

This is the phenomena of
scattering of gamma rays by O /
the electrons in an atom. The IVW

0
theory can only be explained %

by electrons as particles.

De Broglie expression.

As always there is an expression that allows us to assign
a wavelength value to any moving object.

h Where A = wavelength
A= p_ h = Plank's constant
p = momentum
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The significance of objects having wavelengths is only
important in the physics of the very small.

Waullie runs along the corridor at 7m/s. He's ',
been bad and thinks that if he runs away he

won't get caught. [Aye rightl]] What are the

chances of Wullie diffracting into an open

doorway?

p=mv =50 x 7 =3bkgm/s
h=6.63x103*Js

-34
) = h _ 6.63x10

=19 x10%®
p 35 X m

Since the wavelength is much, much, much smaller than
any gap there will be no diffraction. So, nae luck Wullie.

The next big problem

Classical mechanics and electromagnetism could not
explain why an electron is able to remain in orbit around a
hucleus.

The problem was:

Circular orbit means the electron is accelerating.
Accelerating charges emit EM radiation, so lose energy.
Losing energy would mean the orbit would ¢ decay and the
electron would fall into the nucleus.
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This obviously doesn't happen so there must be some
explanation.

Neils Bhor came up with one that explained the reality.
He said electrons can only have specific energies when
they orbit a nucleus, their momentum is quantised.

Again we have a relationship to illustrate this

mvr = nh
2
n=number of wavelengths

Effectively what this means is that
the electron wavelength is such
that a whole number of waves fit
into the orbit. This is known as a
standing wave and no energy is lost,

allowing the electron to remain in
orbit n must be an integer for a standing wave

‘I wavelength

‘//1

This was the lead in to a new area in physics known as
quantum theory.

"I think I can safely say that nobody understands
quantum mechanics.” Richard Feynman The Character of
Physical Law (1965) Ch. 6

The quantum world is a strange and exotic place, things
happen that would are impossible to be explained using
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classical physics. Quantum physics is essentially a
probability based theory, never knowing for certain
where anything actually is, only having a probability of
knowing where it is. Like your homework.
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